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a b s t r a c t
The (2 + 1)-dimensional Burgers equation and the (2 + 1)-dimensional higher-order
Burgers equation are investigated. The Cole–Hopf transformation method is used to carry
out this study. Multiple-kink solutions are formally derived for each equation.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
The study of the Burgers equation is very important in solitarywaves theory. Burgers equations are encountered inmany
fields [1,2] such as fluid mechanics, traffic flows, acoustic transmission and the structure of shock waves. Many systematic
methods are used for studying the nonlinear evolution equations that give rise to solitons. The generalized symmetry
method, Painlevé analysis, the Pfaffian technique, the inverse scattering method, the Bäcklund transformation method, the
conservation lawmethod, the Hirota bilinearmethod [3–23], and the Hereman–Nuseir method [24] are themost commonly
usedmethods. The Hirota bilinearmethod and the Hereman–Nuseir method are rather heuristic and present useful features
that make them ideal for the determination of multiple-soliton solutions [25–32].
In [1], the (2+ 1)-dimensional Burgers equation
vt = vxx + 2vx∂−1y vx, (1)
and the (2+ 1)-dimensional higher-order Burgers equation
vt = 4vxxx + 12vxx∂−1y vx + 12vx∂−1y vxx + 12vx(∂−1y vx)2, (2)
were presented. In [2], the aforementioned equationswere examinedusing the singularmanifoldmethod. In [2], by choosing
different seed solutions, auto-Bäcklund transformations, the Cole–Hopf transformation and general functional separation,
solutions containing three arbitrary functions are obtained for these two equations.
The potential
v(x, y, t) = uy(x, y, t), (3)
carries (1) and (2) into
uyt = uxxy + 2uxyux, (4)
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and
uyt = 4uxxxy + 12uxxyux + 12uxyuxx + 12uxy(ux)2, (5)
respectively.
In this work we will employ the Cole–Hopf transformation method and the Hereman–Nuseir method to handle these
two equation. We aim to obtain multiple-kink solutions for each equation.
2. The (2+ 1)-dimensional Burgers equation
We first consider the (2+ 1)-dimensional Burgers equation
uyt = uxxy + 2uxyux, (6)
obtained from (1) using the potential (3).
Substituting
u(x, y, t) = ekix+riy−cit , (7)
into the linear terms of (6) gives the dispersion relation
ci = −k2i , (8)
and hence we set
θi = kix+ riy+ k2i t. (9)
Using the Cole–Hopf transformation method, the multiple-kink solution of (1) is assumed to be
v(x, y, t) = R (ln f (x, y, t))y = R fy(x, y, t)f (x, y, t) , (10)
and therefore
u(x, y, t) = R (ln f (x, y, t)) . (11)
The Hereman–Nuseir method admits the use of the auxiliary function f (x, y, t) for the single-kink solution
f (x, y, t) = 1+ ek1x+r1y+k21t . (12)
Substituting (11) into (6) and solving for Rwe find
R = 1. (13)
Substituting (12) into (11) gives the solution
u(x, y, t) = ln

1+ ek1x+r1y+k21t

. (14)
Using the potential (3) gives the single-kink solution
v(x, y, t) = r1e
k1x+r1y+k21t
1+ ek1x+r1y+k21t
. (15)
For the two-kink solutions we set
f (x, y, t) = 1+ eθ1 + eθ2 + a12eθ1+θ2 . (16)
Using (16) in (11) and substituting the result in (6), we find that there are no phase shifts, i.e.
a12 = 0, (17)
and hence we set
aij = 0, 1 ≤ i < j ≤ 3. (18)
Substituting (17) and (16) into (11) we find
u(x, y, t) = ln

1+ ek1x+r1y+k21t + ek2x+r2y+k22t

, (19)
and using the potential (3), the two-kink solutions are given by
v(x, y, t) = r1e
k1x+r1y+k21t + r2ek2x+r2y+k22t
1+ ek1x+r1y+k21t + ek2x+r2y+k22t
. (20)
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For the three-kink solutions, we set
f (x, y, t) = 1+ eθ1 + eθ2 + eθ3 . (21)
Proceeding as before, we find
u(x, y, t) = ln

1+ ek1x+r1y+k21t + ek2x+r2y+k22t + ek2x+r2y+k22t + ek3x+r3y+k23t

, (22)
and using (3), the three-kink solutions are given by
v(x, y, t) = r1e
k1x+r1y+k21t + r2ek2x+r2y+k22t + r3ek3x+r3y+k23t
1ek1x+r1y+k21t + r2ek2x+r2y+k22t + r3ek3x+r3y+k23t
. (23)
This shows that the (2+ 1)-dimensional Burgers equation, Eq. (1), gives N-kink solutions for finite N , where N ≥ 1. On the
basis of the results obtained, the general kink solutions can be set in the form
v(x, y, t) =
N
i=1
kiekix+riy+k
2
i t
1+
N
i=1
kiekix+riy+k
2
i t
. (24)
3. The (2+ 1)-dimensional higher-order Burgers equation
We next consider the (2+ 1)-dimensional higher-order equation
uyt = 4uxxxy + 12uxxyux + 12uxyuxx + 12uxy(ux)2. (25)
obtained from (2) using the potential (3).
Substituting
u(x, y, t) = ekix+riy−cit , (26)
into the linear terms of (25) gives the dispersion relation
ci = −4k3i , (27)
and hence we set
θi = kix+ riy+ 4k3i t. (28)
Using the Cole–Hopf transformation method, the multiple-kink solution of (2) is assumed to be
v(x, y, t) = R (ln f (x, y, t))y = R fy(x, y, t)f (x, y, t) , (29)
and therefore
u(x, y, t) = R (ln f (x, y, t)) . (30)
The Hereman–Nuseir method admits the use of the auxiliary function f (x, y, t) for the single-kink solution
f (x, y, t) = 1+ ek1x+r1y+4k31t . (31)
Substituting (30) into (25) and solving for Rwe find
R = 1. (32)
Substituting (31) into (30) gives the solution
u(x, y, t) = ln

1+ ek1x+r1y+4k31t

. (33)
Using the potential (3) gives the single-kink solution
v(x, y, t) = r1e
k1x+r1y+4k31t
1+ ek1x+r1y+4k31t
. (34)
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For the two-kink solutions we set
f (x, y, t) = 1+ eθ1 + eθ2 + a12eθ1+θ2 . (35)
Using (35) in (30) and substituting the result into (25) gives the phase shift a12 = 0.
Substituting (30) and (35) into (30), we then find
u(x, y, t) = ln

1+ ek1x+r1y+4k31t + ek2x+r2y+4k32t

, (36)
and using (3), the two-kink solutions are given by
v(x, y, t) = r1e
k1x+r1y+4k31t + r2ek2x+r2y+4k32t
1+ ek1x+r1y+4k31t + ek2x+r2y+4k32t
. (37)
For the three-kink solutions, we set
f (x, y, t) = 1+ eθ1 + eθ2 + eθ3 . (38)
Proceeding as before, we find
u(x, y, t) = ln

1+ ek1x+r1y+4k31t + ek2x+r2y+4k32t + ek3x+r3y+4k33t

, (39)
and using (3), the three-kink solutions are given by
v(x, y, t) = r1e
k1x+r1y+4k31t + r2ek2x+r2y+4k32t + r3ek3x+r3y+4k33t
1ek1x+r1y+4k31t + r2ek2x+r2y+4k32t + r3ek3x+r3y+4k33t
. (40)
This shows that the (2 + 1)-dimensional higher-order Burgers equation gives N-kink solutions for finite N , where N ≥ 1.
On the basis of the results obtained, the general kink solutions can be set in the form
v(x, y, t) =
N
i=1
kiekix+riy+4k
3
i t
1+
N
i=1
kiekix+riy+4k
3
i t
. (41)
4. Discussion
The (2+ 1)-dimensional Burgers equation and the (2+ 1)-dimensional higher-order Burgers equationwere investigated
using the Cole–Hopf transformationmethod and the Hereman–Nuseirmethod.Multiple-kink solutions are formally derived
for each equation. The results obtained were generalized to every equation.
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